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Parity-odd and CPT-even electrodynamics of the SME at Finite Temperature
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This work examines the finite temperature properties of the CPT-even and parity-odd electro-
dynamics of the standard model extension. We start from the partition function written into the
functional integral formalism in Ref. [16]. After specializing the Lorentz-violating tensor Wανρϕ for
the nonbirefringent and parity-odd coefficients, the partition function is explicitly carry out, showing
that it is a power of the Maxwell’s partition function. Also, it is observed that the LIV coefficients
induce an anisotropy in the black body angular energy density distribution. The Planck’s radiation
law retains its usual frequency dependence and the Stefan-Boltzmann law keeps the same form,
except for a global proportionality constant.
PACS numbers: 11.30.Cp, 12.60.-i,44.40.+a
I. INTRODUCTION
Nowadays, the Standard Model Extension (SME) [1, 2] is the theoretical framework most used to investigate
Lorentz invariance violation (LIV). The gauge sector of the SME is composed of a CPT-odd and a CPT-even sector.
The CPT-odd one is constituted by the well-known Carroll-Field-Jackiw term [3], whose properties have been well
examined in literature [4, 5, 6, 7]. The CPT-even part is represent by a tensor Wανρϕ which presents the same
symmetries of the Riemann tensor [Wανρϕ = −Wναρϕ,Wανρϕ = −Wανϕρ,Wανρϕ =Wρϕαν ] and a double null trace,
possessing only 19 independent components.
Recently, the CPT-even has received much attention, yielding the investigation of new electromagnetic phenomena
induced by Lorentz violation and the imposition of tight upper bounds on the magnitude of the LIV coefficients. The
examination of CPT-even electrodynamics of the SME has started with Kostelecky and Mewes [8] in connection with
the study of polarization deviations for light traveling over large cosmological distances [8, 9]. Here, one should also
mention other researches involving electromagnetostatics and classical solutions [10, 11, 12, 13], radiation spectrum
of the electromagnetic field and CMB [14, 15, 16], photon interactions and quantum electrodynamics processes [17,
18, 19, 20, 21, 22], and synchrotron radiation [23]. A detailed review on the gauge sector of the SME is found in Ref.
[24].
At a very recent work [16], we have analyzed the finite temperature behavior of the parity-even part of the CPT-even
sector of the SME as an attempt to determine the thermodynamics properties of this electrodynamics. The focus was
on the LIV modifications implied on the density energy angular distribution, the Planck radiation law and implications.
The partition function was written into the functional integral formalism of Matsubara and explicitly carried out. It
was then shown that the altered partition function is a power of the usual Maxwell’s partition function. We have
then observed that, despite small local fluctuations induced by LIV, the Planck law maintains its usual frequency
dependence while the Stefan-Boltzmann retains its usual T 4 behavior.
The aim of this present work is to complete the finite temperature analysis for the CPT-even sector, addressing
now the contributions of the parity-odd components of the tensor Wανρϕ on the thermodynamics of the Maxwell
field, searching the modified Planck’s law distribution, angular energy density distribution, and Stefan-Boltzmann’s
laws. We thus follow the same procedure of Ref. [16], taking as starting point the general partition function attained
there. Before being explicitly evaluated, this partition function shall be specialized for the case of the nonbirefringent
parity-odd coefficients. After explicit evaluation, we show that the modified partition function is a power of the
Maxwell usual one, in the very same way as observed for the parity-even case [16].
2II. THE THEORETICAL MODEL AND RESULTS
The CPT-even gauge Lagrangian of the SME is
L = −
1
4
FανF
αν −
1
4
WανρϕFανFρϕ, (1)
where Wανρϕ is a renormalizable, dimensionless coupling, composed of 19 elements. In Ref.[16], the Hamiltonian and
constraint structure of this electrodynamics was developed using the Dirac method. This analysis allowed to write
the correct partition function (in the Matsubara formalism), which integrated on the canonical conjugate momenta
and fields has lead to
Z (β) = det (−) [det (−δab + Sab)]
−1/2
. (2)
Here, we define the Euclidean operator,  = ∂a∂a = (∂τ )
2
+∇2, and the symmetric Lorentz-violating operator
Sab = 2Wacdb∂c∂d.
Now, we should particularize the tensor Wacdb for the parity-odd sector, which possesses only three nonbirefringent
components. This result can be achieved using the parametrization of the tensorWµναβ in terms of four 3×3 matrices,
κDE , κHB , κDB, κHE , presented in Refs. [8, 9]:
(κDE)
jk = −2W 0j0k, (κHB)
jk =
1
2
ǫjpqǫklmW pqlm, (κDB)
jk = − (κHE)
kj = ǫkpqW 0jpq . (3)
The matrices κDE and κHB represent the parity-even sector and possess together 11 independent components,
while κDB and κHE stand for the parity-odd described by 8 components. These four matrices have together the 19
independent elements of the tensorWacdb. To isolated the parity-odd sector, we take κDE = κHB = 0. The parity-odd
sector is written in terms of an antisymmetric (κo+) and a symmetric matrix (κ˜o−) , given as
(κ˜o+)kj =
1
2
(κDB + κHE)kj , (κ˜o−)kj =
1
2
(κDB − κHE)kj . (4)
Taking into account the birefringence constraint κ˜o− =
1
2 (κDB − κHE) ≤ 10
−32[8, 9, 25], we obtain κDB = κHE .
This together the condition κDB = − (κHE)
T
implies that the matrix κDB = κ˜o+ is anti-symmetric (possessing only
three components). Such restriction yields only 3 parity-odd nonbirefringent parameters, parameterized in terms of a
three-vector κ [25]
κj =
1
2
ǫjmn (κ˜o+)mn . (5)
Into the finite temperature formalism, the matrices (3) are redefined as
(κDE)kj = 2Wτkτj, (κHB)kj =
1
2
ǫkpqǫjmnWpqmn, (κDB)kj = − (κHE)jk =Wτkpqǫjpq. (6)
We should now carry out the determinant of the operator (−δab + Sab) in (2) for the three nonbirefringent parity-
odd components of the tensor Wacdb, now written in terms of the κ vector as
Wτimn =
1
2
[κmδin − κnδim] . (7)
For computing such functional determinant, we write this operator (in Fourier space) as p2δab − S˜ab, where S˜ab =
2Wacdbpcpd. Under the prescription (7), the matrix elements of S˜ab are
S˜ττ = 0, S˜τj = (κ · p) pj − p
2κj, S˜ij = −2 (κ · p) pτ δij + pτ (κipj + κjpi) . (8)
Thus, the functional determinant is
det (−δab + Sab) = det (−)
2 det
[
−− 2 (κ · ∇) ∂τ + κ
2∇2 − (κ · ∇)2
]
det [−− 2 (κ · ∇) ∂τ ] . (9)
3Replacing it in the partition function (2), it follows:
Z (β) = Z(1)κ (β)Z
(2)
κ (β) , (10)
where the quantities, Z
(1)
κ (β) and Z
(2)
κ (β), are given as
Z(1)κ (β) = det
[
−− 2 (κ · ∇) ∂τ + κ
2∇2 − (κ · ∇)
2
]−1/2
, (11)
Z(2)κ (β) = det [−− 2 (κ · ∇) ∂τ ]
−1/2
, (12)
They represent the contributions of the two polarization modes of the modified photon field. Let us observe that if
we only consider the first order contribution of the LIV background, κ, both modes would give the same contribution
to the partition function. At leading order, the associated dispersion relations provide nonbirefringence, a result in
according with the statements of Refs. [8, 9, 24] and other works that follow this prescription [12, 25]. The explicit
evaluation of the dispersion relations is developed in the Appendix.
The computation of the functional determinants is performed using the well-known formulae detOˆ= exp(Tr lnOˆ),
thus, we obtain
lnZ(1)κ (β) = −
1
2
Tr ln
[
−− 2 (κ · ∇) ∂τ + κ
2∇2 − (κ · ∇)
2
]
, (13)
lnZ(2)κ (β) = −
1
2
Tr ln [−− 2 (κ · ∇) ∂τ ] . (14)
We can now evaluate the involved trace of expressions (13,14) writing the gauge field in terms of a Fourier expansion,
Aa(τ,x) =
(
β
V
) 1
2 ∑
n,p
ei(ωnτ+x·p)A˜a(n,p), (15)
where V designates the system volume and ωn are the bosonic Matsubara’s frequencies, ωn =
2nπ
β
, for n = 0, 1, 2, · · · .
In this way, the contributions of the two modes of the gauge field are expressed as
lnZ(1)κ (β) = −
1
2
V
∫
d3p
(2π)3
+∞∑
m=−∞
lnβ2
[
(ωm)
2 + p2 + 2 (κ · p)ωm − κ
2p2 + (κ · p)2
]
, (16)
lnZ(2)κ (β) = −
1
2
V
∫
d3p
(2π)3
+∞∑
m=−∞
lnβ2
[
(ωm)
2 + p2 + 2 (κ · p)ωm
]
. (17)
For evaluating the integrals, we first implement the translation p → p − ωmκ. We then use spherical coordinates,
p = ω (sin θ cosφ, sin θ sinφ, cos θ) ,κ · p = κω cos θ, ω = |p| , κ = |κ|. By performing the summation in n, and doing
the respective rescalings in the variable ω, we obtain the following expressions:
lnZ(1)κ = −
V
(2π)3
(
1− κ2
)3/2 ∫
dΩ
1(
1− κ2 sin2 θ
)3/2 ∫ ∞
0
dω ω2 ln
(
1− e−βω
)
, (18)
lnZ(2)κ = −
V
(2π)3
(
1− κ2
)3/2 ∫
dΩ
∫ ∞
0
dω ω2 ln
(
1− e−βω
)
, (19)
where dΩ = sin θdθdφ is the solid-angle element.
Then, the partition function for the parity-odd sector of the CPT-even electrodynamics of the SME is
lnZ = −
V
(2π)3
(
1− κ2
)3/2 ∫
dΩ
[
1 +
1(
1− κ2 sin2 θ
)3/2
]∫ ∞
0
dω ω2 ln
(
1− e−βω
)
. (20)
The dependence on θ shows that the LIV interaction yields an anisotropic character for the angular distribution of
the energy density. By performing the ω−integration in (20), we achieve the energy density per solid-angle element,
u (β,Ω) =
π
120β4
(
1− κ2
)3/2 [
1 +
1(
1− κ2 sin2 θ
)3/2
]
, (21)
4which reveals the anisotropy induced by the LIV coefficient (the power angular spectrum is maximal in the plane
perpendicular to background direction). At leading order, the anisotropy factor is quadratic in the κ−vector,
u (β,Ω) ≈
π
120β4
[
2 + κ2
(
3
2
sin2 θ − 3
)]
. (22)
This result should be contrasted with the linear contribution induced by anisotropic contribution stemming from the
parity-even sector [16].
By performing the angular integrations in Eq. (20), we find that the partition function can be written as
Z = (ZA)
γ(κ)
, (23)
where ZA is the partition function of the Maxwell’s electrodynamics,
lnZA = −
V
π2
∫ ∞
0
dω ω2 ln
(
1− e−βω
)
= V
π2
45β3
. (24)
and the exponent γ(κ) is a pure function of the LIV parameter
γ(κ) =
(
1− κ2
)1/2(
1−
1
2
κ2
)
. (25)
The result (23) for the nonbirefringent and parity-odd components of the tensor Wαβµν is similar to one obtained
in Ref. [16] for the nonbirefringent and parity-even components.
Starting from the equations (20) or (23), it is easy to derive the modified Planck’s radiation law or the modifications
in the Stefan-Boltzmann’s law, respectively, given as follows:
u (ω) = γ (κ)
1
π2
ω3
eβω − 1
, u = γ (κ)
π2
15
T 4. (26)
Explicitly, we can observe that the LIV modifications consists in a global multiplicative function which contain all
the LIV correction, this way, the Planck’s radiation law maintains its functional dependence in the frequency (in all
orders in κ). Similarly, the energy density or the Stefan-Boltzmann law retains its usual temperature dependence
(u ∝ T 4) whereas the Stefan-Boltzmann constant is globally altered as σ → γ (κ)σ, with γ (κ) given by Eq. (25).
III. CONCLUSIONS AND REMARKS
In this work we have concluded the study of the finite temperature behavior of the CPT-even and LIV electrody-
namics of the SME which was started in Ref. [16]. We have specialized our analysis for the nonbirefringent components
of the parity-odd sector of the tensor Wανρϕ. We have exactly computed the partition function, (23), showing that
it is a power of the partition function of the Maxwell electrodynamics as well, being the power a pure function the
LIV parameters. Consequently, the Planck’s radiation law retains its known functional dependence in the frequency
whereas the Stefan-Boltzmann’s law keeps the T 4-behavior, apart from a multiplicative global factor. It was observed
that the LIV interaction induces an anisotropic angular distribution for the black body energy density. A similar
behavior was obtained for the nonbirefringent anisotropic components of the parity-even sector [16]. These results
show that the partition function of the full CPT-even sector is expressed as a power of the Maxwell’s one. This
pattern, however, is not shared by the CPT-odd partition function evaluated in Ref.[14]. This difference is ascribed
to the dimensional character of the LIV coefficient kAF .
APPENDIX A: DISPERSION RELATIONS
In this Appendix, we write the dispersion relations for this CPT-even and parity-odd electrodynamics as a procedure
to confirm the evaluation of the associated partition function. It is important to point out that the dispersion relations
5of the parity-odd case may be read off directly from the arguments of the partition functions (13,14) making use of
the prescription → −p2,∇ → −ip, ∂τ → −ip0, which yields[
p2 + 2p0 (κ · p)
]
= 0, (A1)[
p2 + 2p0 (κ · p)− κ
2p2 + (κ · p)
2
]
= 0. (A2)
These dispersion relations can be also obtained straightforwardly from the Maxwell equations for this sector (see
Ref. [12]):
∇·E = −κ· (∇×B) , (A3)
∇×B− ∂t (B× κ) = ∂tE−∇× (E× κ) , (A4)
∇·B = 0 , (A5)
∇×E = −∂tB. (A6)
Writing the electric and magnetic fields in a Fourier representation, B(r) = (2π)
−3 ∫
B˜(p) exp(−ip · r)d3p, E(r) =
(2π)
−3 ∫
E˜(p) exp(−ip · r)d3p, the Maxwell equations take on the following form (at the absence of sources):
p · E˜ = −κ ·
(
p× B˜
)
, (A7)
p× B˜+ p0
(
B˜× κ
)
+ p0E˜ = −p×
(
E˜× κ
)
, (A8)
p× E˜− p0B˜ = 0, p · B˜ = 0. (A9)
From these expressions, it is attained an equation for the electric field components, M jlE˜l = 0, where
M jl = [plpj − p0p
jκl − p0p
lκj + δlj(p2 + 2p0A)]. (A10)
where A = κ · p. Such operator can be represented as a 3× 3 matrix,
M jl =

p2 + 2p0A+ p
2
1 − 2p0p1κ1 p1p2 − p0p1κ2 − p0p2κ1 p1p3 − p0p1κ3 − p0p3κ1
p1p2 − p0p1κ2 − p0p2κ1 p
2 + 2p0A+ p
2
2 − 2p0p2κ2 p2p3 − p0p2κ3 − p0p3κ2
p1p3 − p0p1κ3 − p0p3κ1 p2p3 − p0p2κ3 − p0p3κ2 p
2 + 2p0A+ p
2
3 + 2p0p3κ3
 . (A11)
After suitable simplification, the determinant of this matrix takes the form
detM jl = p20
(
p2 + 2Ap0
) (
p2 + 2Ap0 − p
2
κ
2 +A2
)
. (A12)
The condition detM jl = 0 provides the non-trivial solutions for Eq. (A9) and the associated dispersion relations
of this model, attained without any approximation. This alternative procedure confirms the correctness of dispersion
relations (A1, A2) and of the expressions (13, 14), written at the finite temperature formalism. The intricate character
of the relations (A1, A2), involving both p0 and p, imply the following dispersion relations:
ω± = − (κ · p)±
√
p2 + (κ · p)
2
, (A13)
ω± = − (κ · p)±
√
p2(1 + κ2), (A14)
which are different even at leading order in κ. Assuming |κ| <<1, the expressions (A13,A14) are reduced to the form:
ω+ = |p| − (κ · p) , (A15)
ω− = |p|+ (κ · p) . (A16)
Here, the root ω+ = |p| − (κ · p) represents a positive frequency mode, since |κ| <<1. On the other hand, the mode
ω− = (|p| + (κ · p)) stands for the positive energy of an anti-particle (after reinterpretation). This is a negative
6frequency mode. It should be mentioned that, despite the double sign in the dispersion relations (A15,A16), they
yield the same phase velocities for waves traveling at the same direction. Note the the positive and negative frequency
modes are associated with waves which propagate in opposite directions and the term (κ · p) changes of the signal
under the direction inversion (p→ −p). This result confirms the nonbirefringent character of the coefficient κ at
leading order, as properly stated in Refs. [8, 9, 24], and others [12, 25]. These same dispersion relations can obtained
by means of a general evaluation for the dispersion relations (see Appendix of Ref. [16]) or by means of the poles of
the gauge propagator of this electrodynamics (see Ref. [26]).
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